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ABSTRACT

Two practical branch and bound algorithms for determining minimal and near-minimal
phylogenetic trees from protein sequence data are presented. A mathematical description
and analysis of phylogenetic trees introduces these algorithms. A comment on efficiency
and fine tuning completes the paper. An example is cited where computer time was reduced
from an estimated 55 days for a total search, to just under 5 minutes.

1. INTRODUCTION

It has often been proposed that homologous protein sequences from sets
of different taxa (biological species) contain information from which ancestral
relationships could be deduced. These relationships are normally expressed in
the form of a directed rooted tree (in the graph theoretic sense) called a
phylogeny or phylogenetic tree. The hypothesized common ancestors for the
set of taxa below it occur at the root of each subtree.

One simple model is to propose that each of the hypothetical ancestors
represented in this tree had a homologous protein sequence from which the
extant sequences were derived, so that we focus our attention on the
evolution of the sequences as representing the evolution of the taxa. Between
any pair of known sequences we can count the substitutions necessary to
convert one sequence to the other. Each point of the phylogenetic tree will
have a sequence associated with it: the terminal points representing the
extant sequences, the internal points representing their hypothesised ances-
tors. Associated with each link of the tree we assign a link weight, being the

MATHEMATICAL BIOSCIENCES 59:277-290 (1982) 277

©Elsevier Science Publishing Co., Inc., 1982
52 Vanderbilt Ave.. New York, NY 10017 0025-5564 /82/04277+ 14502.75



278 M. D. HENDY AND DAVID PENNY

number of changes to convert the sequence of one end point to the other, The
simplistic model is now to choose amongst all possible phylogenetic trees,
that (those) which represents the smallest number of substitutions, i.e. that
(those) trees whose sum of link weights is minimal. We call such a tree a
minimal phylogenetic tree. This simplistic model was introduced by Cavalli-
Sforza and Edwards [1] and has since been widely accepted. It is sometimes
referred to as the maximum parsimony model.

There are two basic algorithmic requirements for solving this problem.
The first is to minimally assign the ancestral sequences to any particular tree.
Fitch [2] proposed an algorithm consisting of a double pass over the entire
tree which guaranteed to give both the total weight of the tree and all
minimal assignments of sequences to internal points. This algorithm was
mathematically justified by Hartigan [8} and Moore et al. [9], and the
algorithm subsequently improved by Fitch and Farris [4].

The second problem is how to find, among all possible phylogenies, that
particular tree which has the smallest number of substitutions after the
Fitch-Hartigan algorithm has been applied. Fitch [3] proposed a search of all
possible trees, finding the minimal assignment of each, and choosing the
smallest. It had been shown however (Cavalli-Sforza and Edwards [1]) that
for n=3 there are (2n—5)!!=1["-?(2i — 1) nonrooted binary trees with n
distinctly labeled terminal points, while Foulds and Robinson [6] computed a
more general class of undirected phylogenetic trees, and counted numbers of
trees many times greater than this figure. Fitch was able to find minimal
phylogenetic trees for up to eight taxa, but beyond this number, the comput-
ing cost was too great.

The authors (Foulds et al. {S]) developed a technique of analysing a given
phylogenetic tree, usually constructed heuristically, to test its minimality. The
test could either confirm its minimality, indicate a refinement which would
lead to a shorter tree, or be indecisive. Although this technique was success-
fully used to find minimal phylogenetic trees for sets of more than twenty
taxa (Foulds et al. [6]), some subsequent applications to smaller sets of taxa
proved indecisive.

In order to overcome this occasional indecision the authors developed two
branch and bound search technigues which have been successfully applied to
some of the previously unresolved problems. Using these, we have been able
to determine all the minimal and near mimimal phylogenetic trees, for small
and medium size sets of data. A nonrigorous description of one method has
been given (Penny [10]). The criterion of minimal weight (maximum
parsimony) (Fitch {2]) is used throughout this paper, and the reliability (or
sensitivity) of this criterion is discussed in an additional paper in preparation.

We have restricted our algorithms to phylogenetic trees which are non-
rooted binary trees. The positioning of the root has no influence on the total
weight of the tree, an undirected phylogenetic tree will become directed by
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the insertion of a root on any link. The determination of the root will usually
require additional information, and cannot be directly deduced from the

sequences. A general phylogenetic tree can be converted to a binary tree by
" the replacement of any point of degree =4 with a number of points of degree
3 with identical sequences, connected by links of weight 0. Likewise a point
of degree 2 can be converted to degree 3 by joining it to new pendant vertex
of the same sequence again by link of weight 0 (Fitch [3]).

2. LABELED BINARY TREES
DEFINITION

A binary tree is a tree T=(V,E):Vv€V, d(v)= (degree of v)=1 or 3.
Let P={v€E€V:d(v) =1} be the set of pendant points and I ={vEV:d(v)
=3} be the set of internal points so that V= PUI, the disjoint union of P
and I. If e€ E is incident at a pendant point, we call e a pendant link;
otherwise we call e an internal link. ‘

If each of the n=|P| pendant points are distinctly labeled, we call T a
labeled binary tree on n (pendant) points, abbreviated lbt(#). Let T,=(P,U
I, E,) be albt(n) with pendant points p, p3,---:Pns which we will identify
by their labels. If p;, p; are two distinct pendant points adjacent to a common
internal vertex we say {p;, p;} is a neighboring pair. We note the following
two results, which can be obtained by simple counting arguments.

LEMMA 1

For n=3, we have |P,|=n, |I,|=n—2,|E,|=2n—3.
LEMMA 2

For n=4, T, has at least two disjoint neighboring pairs.

In the branch and bound algorithms we need to recursively generate all
the Ibt(n)’s for a range of values of n, and for efficiency, avoid repetition. In
both algorithms we use the same principle, which we call the generating
principle.

GENERATING PRINCIPLE

Let m < n be positive integers. Let 7, be the set of all Ibt(n)’s with pendant
points P, = {p,.....p,}. If P, C P, is a subset of m pendant points, we define
7, to be the set of all Ibt(m)’s with pendant points p,,. Let ¢:7,— 17, be a
mapping [i.e., ¢ uniquely assigns a lbt(m) to each 1bt(n)]. Given ¢, we can
define the inverse relation ¢~ ': 7,, — 7, where for each 7, €7,,

nt

¢~ YT, ={T,€7,:¢(T,)=T,}
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Is called the inverse image of T,. The collection of inverse images
{¢7(T,,): T, e T} forms a partition of T.» and so this gives us a recursive
procedure of generating all the Ibt(n)’s.

With ¢ the mapping which deletes P, from T as in Theorem 2, we can
derive the following well-known result.
THEOREM I (CA VALLI-SFORZA AND EDWARDS [1])

For n=3 there gre @n—5N= I722Q2i —1) distinet Ibt(n)’s.

[Note: 2n)!1=2X4X6X --- X2 and @r+DI=1X3X5X -+ x(2p
+1) are known as double factorials.] )

THEOREM 2

For n= 4 there are N, , distinct bt( nY’s with r neighboring pairs, where

n!(n—4)
Nor=1 (n=2r)1r1(r—2)12272
0 ) otherwise,

for 2<r<[§], 0

Proof. Suppose in T.€ 1, p, is adjacent to y I,, and u is also adjacent
to vertices v and w. Let ¢:7,~7,_; be the mapping which deletes the
vertices p,, u, and their incident links, replacing them by a new link (o, w).
Let 7,_,= ¢(T,). Suppose T, has r neighboring pairs and 1,_, has r'
neighboring pairs. We find 7/ = 7 or r —1 depending on the position of p,. If
P» 18 Dot a point of a neighboring pair of T, then the neighboring pairs of
T,—\ and T, are the same, so r’'=r. If however {Pusp)}isa neighboring pair,
then the removal of P, Will mean that r ~ | neighboring pairs of T, will be in
T,-\.Ifoneof v, w (say v) is pendant, then {p;, v} will be a new neighboring
pairof 7,_, and r'= r; otherwise r'=r —1. Thus r'= r unless (v, w) is one
of the n—1~2,'=, —2r+1 pendant links which is not in a neighboring
pairof 7, _,.

We note that by Lemma 2, r=2, and also that 2r<n.So

N,,=0 if r<2or r>2.

Inverting ¢, we find if 7, has neighboring pairs, then ¢~NT,_ ) will
contain n —1—-2r' trees with r'+1 neighboring pairs and En—=5—(n—1-
2r'y=n—4+2r" trees with »’ neighboring pairs. Thus

Nn,r:(n_2r+])Nn—l.r~1+(n+2r—4)]vn—].r' (2)
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f we assume, for induction (1) holds for » — 1, then we find

N = (n=2r+1)(n—1)(n—5)! +(n+2r-—4)(n—l)!(n—-S)!
o (n=2r+ DN r=DUr=3)R2Y 74 (n=2r= D) (r—2)122772
_ (n—D)(n—5)

(n—2r)rY(r—2)n%2
_ ni(n—4)
(n=2r)tr{(r—2)12¥ %’

{4r(r—2)+(n+2r—4)(n—2r)},

which agrees with (1).

We could also derive Theorem 1 from this result, noting that

[n/2] [n/2)
E ]Vn.r= 2 {(n_2r+I)Nn—l,r—l+(n+2r_4)Nn—l,r}
r=2 r=2
[n/2]-1 [n/2]
= 2 (n_zr—l)Nn—l.r+ 2 (n+2r—4)Nn—l,r
r=1i r=2
[(n—1)/2]
=@n=5) 3 N,
r=2
=(2n—5)!

and using an inductive assumption.

3. PHYLOGENIES

The protein sequences are usually presented to us as a string of letters,
each letter representing an amino acid (20 different values) or with each letter
representing the lower level of nucleotides (4 different values) with each
triplet of nucleotides coding for one amino acid. These letters are called
character states. We generalize the situation with the following definitions.

DEFINITION

Let X be a finite set, whose elements we call character states; for some
positive integer ¢ we call.the r-tuples of K' character sequences. For X =
(X,, Xa,...,X,) EK*, the jth component X, is the character state at the jth
site. If X, YE K', we define 8(X,Y), the distance from X 10 Y, to be the
number of sites j, 1< j=<1t, where X; #+ YJ Note that & is a metric on K.

If T=(V,E) is a tree, and §:V — K’ is a mapping which assigns a
character sequence #(v) € K’ to each point v € V, then the labeled tree (T, §)
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will be called a Phylogeny. For each link €;;=(v;,v;) of (T, 6) we define the
weight of e, ; as

w(e,)=8(8(0,), 6(s,)).

We take the weight of the phylogeny (7, 6) as the sum of all link weights, viz,

w(T,0)= 3 w(e). 7

ec E

If WCVis a subset of points with designated character sequences o(w)=
{0(w): we W}, and if (T, ¢) is a phylogeny such that v we W, é(w)=0(w),
then we say (T, ¢)isa phylogeny which covers f(w).

Our minimal phylogenetic tree model can now be interpreted as follows:
We have a given point set W (the set of taxa to be examined) together with
an associated set of homologous sequences 0(W). We wish to find a phylog-
eny (7, 6) which covers 6(W), which is of minimal weight among all trees T
and all phylogenies (T, ¢) which cover 8(W). Such a phylogeny will be called
a minimal phylogenetic Spanning tree (MPST) covering §(W).

Although we must consider all possible trees for the MPSTs, the following
theorem means that we €an narrow our search to binary trees. In order to
apply the preliminary lemmas we assume n = [W| = 4,

THEOREM 3

(T isa Phylogeny covering (W) with |W|=n, then there exists a
bbt(n) T=(V,E ) With W CV the set of pendant points of T, and a character
assigning function : V — gk !, such that

) (T, is a phylogeny covering §(W);.
@) w(T, ) <w(T",y).

Proof. The basis of this proof is a procedure to replace all points of
degree k, for k=2 and k=4, and to make W the pendant point set of T
and show that none of these procedures can increase the weight of the three,

For all points v in 77 we define y(v) = ¥'(v). If v € W and v not pendant,
we can introduce a new point v’ with y/( o) =Y (v). We replace v by v’ and
connect v by the new link (o, v’) of weight zero. If 4 & W and u is pendant,
then we remove u and jts incident link (u, w), reducing the tree weight by
8(y(u), ¥(v))=0. This pair of operations will produce a phylogeny (7, ¥)
satisfying (1) and (2), which however might not be binary.

Iftd(v)=2, suppose v is adjacent to ), 0y. If we delete v and its incident
links, replacing them by the new link (vy,v,), the tree weight will be reduced
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by 8(¢(v)), ¥(v1))+ 8(Y(v), ¥(v,)) — 8(¥(vy), ¥(v,)), which is nonnegative,
= a5 a 6 is a metric.

: If d(v) = k=4, then suppose v adjacent to vy, 0,,...,0,. We introduce
k—3 new points x4, xs,...,x; with ¥(x,;) =y(v), connect these with new
links (0, x4),(X4, Xs)y--., (X1, X, ) €ach of link weight zero, and replace the
links (v, v3), (0, v4),...,(v, v;) by new links (x4, v3),(Xs, v4),
ooy (X 0421)s (X4, 04), each of the same weight as the link it replaces. Each
point v, x4,...,X;, is now of degree 3, and the tree weight is unaffected.
After this operation has replaced all points of degree >3, the resulting
tree T is a Ibt(n) satisfying the required conditions.

A4. ALGORITHM I (ADDING TAXA SINGLY)

Consider the process of constructing all 1bt(n)’s recursively using the
inverse relation ¢! of Theorem 2. For each r, 3<r<n, we will have
(2r —5)!! Ibt(r)’s whose pendant point set was { p,, P5,-..,p,}, and to each of
these we can join p,,, to each of the 2r —3 branches to obtain (27 —3)!!
Ibt(r +1)’s. We choose to do this by a “depth first” scheme, starting with
r=3; we then consider the first of the 3 Ibt(4)’s, and then from these the first
of the 5 1bt(5)’s, continuing until we construct the first of the 21 — 5 1bt(n)’s.
We then successively construct each of the other 2»n —6 Ibt(#n)’s before we
return to the (n —1)th level and consider the second 1bt(n —1). Only when
we have considered all the Ibt(r)’s do we return to the (» —1)th level and
consider the next Ibt(r — I). When we have constructed all (2n —5)!! Ibt(n)’s,
we are through.

This process is computationally very expensive even for modest values
such as n=10. [151!=2,027,025. By Stirling’s formula (2n—35)11~y2
{(2/€)(n —2)}"~2.] However, we do not really want all Ibt(n)’s; we are really
only interested in examining the phylogenies spanning a given 8(W), which
are of minimal (or near-minimal) weight. Suppose we have a set of » taxa,
W={p,...,p,}, and associated with each is a character sequence §( p;) € K,
then using Fitch’s assignation algorithm for determining sequences for inter-
nal vertices in a minimal way, we can determine the total minimal weight of
each 1bt(#) which spans 8(W,), where W, ={p,, ps,.-..p,}-

Suppose we had used a heuristic tree building algorithm to construct a
near-minimal-weight tree (Foulds et al. [5]) of weight L. If during our search
above we obtained a lbt(r) 7 spanning 8(W,) with minimal weight which
exceeded L, then it is easy to show that any Ibt(s), s > r, constructed from T
would also have minimal weight > L, and so no MPST could be found from
T. Hence we terminate this branch of the algorithm. In general, whenever
any lbt(r) is found whose weight exceeds L, we terminate that branch and
proceed to the next Ibt(r).
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It is impossible to estimate in general how many of the Z/.,(2r—35)!
trees need to be evaluated. In our experience with real data of fairly low
complexity (Penny et al. {11]), only an insignificant portion of this number
are considered. However, it is also possible to construct artificial data sets of
low complexity in which all of the (2n —5)!! Ibt(n)'s must be evaluated. We
have not encountered any naturally occurring data sets of this nature.

5. ALGORITHM II (ADDING TAXA IN PAIRS)

Again we consider a recursive process of potentially building up all
Ibt(nys on the set of n labels P={p,, p,,....,p,}, but in this case the
recursion is in steps of two labels being added. As before, we consider the
inverse relation of a decomposition function.

For 2<s<n,let 7, be the set of all Ibt(s)’s whose labeled pendant points
are any subset of P containing s distinct elements. For 4 <s<n we define a
fonction x:7, - 7_,. If 7€, then by Lemma 2 T has at least two
neighboring pairs. Amongst the set of r neighboring pairs of T, we choose
that pair {p;, p;} of largest index, where we take the index of {p;, p;} to be
the smaller of 7 and j. Then p, and p; are adjacent to an internal point u,
which is also adjacent to u, which in turn is adjacent to two further points u,
and u,. We construct x(T') by deleting the points p;, p;, 4,, and u, and all
links incident with them, replacing them with a new link (u,, u4), so that
x(T) € ,_,. The successive application of the function x to a tree T€ 7, will
terminate in a tree of 7, if n is even, or 7 if n is odd. An example of this
reduction is illustrated in Figure 1.

If T€ 7, has r neighboring pairs, then the removal of the neighboring pair
{p:»p;} by x will give x(T) which retains the remaining » —1 neighboring
pairs of T, but may also include an additional neighboring pair {p,, p,}
where one of p,, p, is now joined by the new link of x(T'), so x(T') has either
r—1 or r neighboring pairs. As there are always at least two neighboring
pairs, the point p, will never be removed, and so our terminating tree of 7, or
7, will contain p,.

On inverting x, we can add to our Ibt(s) T any pair of points { p;, p,;} asa
neighboring pair, to any branch of T, provided that in any such tree T,
{p>p;} will then have the largest index of the neighboring pairs of T".
Suppose k& </, so the index of { p,, p,} is k; then if k is larger than the index
of all neighboring pairs of T, then {p,, p,} could be joined to any of the
25 —3 links of 7. If however there is one neighboring pair in T of index
greater than k, then we only have a choice of the two links of this
neighboring pair to join on { p,, p,}. If there were more than one neighboring
pair in T of index greater than k, then we could not join on {p,, p,} to T,
nor to amy tree subsequently conmstructed from 7. Hence, if we have a
sequence of neighboring pairs to be added to T, we must ensure that at each
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B P,
Py Fq 1

“ muS
DT 2TTTS
Ps Pj P Py
P; Fe By =4 P71 B Ry
P .
. - P1 B
LN >——l—-< =, P, ——<
P, P
6 B, Pg 8
F1G. 1. The successive application of the decomposition function x to a 1bt(9). In each

tree the neighboring pair of largest index, viz. {ps. po}. { P2, Ps}» and {ps, p7}, have been
deleted, terminating in a Ibt(3) with points { p,, p4, ps}-

stage we never have more than one neighboring pair of index greater than the
indices of the pairs yet to be connected. If T€ 7, is a tree whose neighboring
pair of greatest index is greater than the index of the points of P not in T,
then we will call 7" a tree of type I; otherwise T will be of type 1. If TE€ 7,
then necessarily p, is one of the points of T. If p, is also a point of T, we will
say T'is of type II; otherwise it is of type I. If T'€ 7,, then T will be of type L.

In order that we can ultimately construct a 1bt(n) by successive operation
of x~!, we adopt the rule that if T& 7, is of type 1, then the next neighboring
pair is joined to T at either of the 2 links of the neighboring pair of largest
index, but if T is of type II, then there is a choice of 25 —3 links to join the
next neighboring pair. We show that this rule does not lead to redundancy by
counting the number of trees so produced.

Firstly we note if n = 2m is even, there are

EIC ) _smme_ oy

ways of selecting m pairs of points from {p,, py,...,P,}, and similarly if
n=2m+1 is odd, therere are (2m — )!!= (n —2)!! ways of selecting m pairs
from {py, p3,---sPu}-

For a given selection of pairs, let a, be the number of trees of 7, of type I,
and b, the number of type II, which can be constructed by our rule from that
set of pairs. If T€ 7,, then T contains s points of P, so there will be 3(n —s)
pairs remaining to choose for the next pair to join. If 7 is of type I, then the
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chosen pair can only be joined to T at one of two links, whereas if T is of
type II, we have 25 —3 choices. Amongst the pairs to choose, the joining of
that unjoined pair of smallest index will give a tree of type II; otherwise it
will be of type I. Hence for s =2,

bs+2=(2s—3)bs +2a; (3)

and

a, = {3(n—s)-1}[(25-3)b,+2a]
={1(n—s)—1}b,,

so for s =4,
=4(n—s)b,
and hence
by=(n+s—3)b,. (4)

If s=n, all the trees must be of type I, s0 b, counts all the different trees
constructible by our rule using the given selection of pairs. Hence

b,=(2n—5)b,,
=Q2n-5)Q2n—-1)b,_,, etc.

Hence if n=2m is even, by (4),
b,=(4m~-5)4m—7)--- 2m+1)b,,
while by (3),
by=2a,+b,.
But the first tree choseg in 7, must include p, and is of type II, so
a, =0, b,=bh,=1,
and

2n— )u

by=(4m=5)4m—=7)--- 2m+1) =r—"2— CENIR (5)
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Otherwise, if n=2m +1 is odd, then by (3)

b,=(@m—3)(4m~5)--- 2m+3)bs.

- while by (4),

’ by=2a,+3b,.

- The initial tree TE 7; is obtained by joining p, to one of the m pairs given. If
" the selected pair contains p,, then T is of type II; otherwise if the selected
pair is one of the m —1 pairs not containing p, and T is of type 1. Hence

a;=m-—1, by=1, bs=2m+1,
so

(2n~5)!!

b,=(4m—~3)(4m~=5)--- 2m+1)= (=)

(6)

But with n even there were (n—1)!! pairings, and with n odd, (n—2)!!
pairings; so in both cases we construct (27 — 5)!! trees, which by Theorem 1
is the number of Ibt(xn)'s. Hence, as every tree is constructed at least once,
this rule will not duplicate any trees, and there is no redundancy.

Suppose T& 7, and the weights of T and x(T') are w(T') and w(x(T)). If
x(T) was created by the removal of the neighboring pair {p;, p,} whose
common adjacent internal point was u, as previously, then

w(x(T)) <w(T)—{8(6(p.),0(w,))+8(6(p,),8(u))}
<w(T)-~ 8(0(pi)’0(Pj))‘

Thus if 7'€ 7, was created from T by successively joining on the remaining
k =3(n —5) pairs {Pippi}s-- o {Pips p;,}, then

W(TI) =w(T)+ S(H(Pi,’Pj,))+ cee S(H(I)ik’pjk))' (7)

Hence in this branch and bound algorithm we will always have a lower
bound on the weights of all the Ibt(n)’s by this inequality. If at any stage the
right side of the inequality (7) exceeds the bound L, then we no longer pursue
that path. This is a considerable advantage over the first method, where we
effectively only had w(T') as an estimate, but we have the disadvantage of
having to consider each of the 2k —1)!'=(n —s — 1)) pairings that could
appear in the equality (7).
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This branch and bound algorithm proceeds, like the previous algorithm, a5
a depth first search, If 5 = 2m is even, the first Step trees are the n —1 treeg
& 7, with vertices {PLp)2<j<nItn= 2m+1is odd, the first step trees
are the 3(n —1)(n —2) trees € 7, with vertices {ry, 2 p)}, 2<i<j<n,

We find with this algorithm again that many branches terminate early,
and for some data nearly all pairings give rise to a value 8(6( Piy D))
EaRERI S 6(0(]7,.", P, ) > L, 50 no trees at all need be considered for this set
of pairings.

6. EFFICIENCY

usually use heuristic methods developed by Foulds et al. [5], which generate 2
near-minimal tree in O(1n?) steps.

There are several ways of improving efficiency within the algorithm
however. Fitch’s algorithm for assigning minimal labelings to a given tree

terminate as many branches of the algorithm as carly as possible, we decrease
the number of steps required.

Using some test data on n=10 taxa with ;=7 sites, we compared the
times required to find the 12 minimal trees when we reordered the species
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and reordered the sites. When we ordered the species so that the most unlike
sequences were presented first, we required less than a third of the time taken
with the order reversed. As an indicator, the algorithm examined 1027 1bt(8)’s
in the first case, compared with 4615 1bt(8)’s in the second. When we ordered
- the sites with the most variables sites first, we had a 15-30% reduction in
time over the same sequences reversed.

In most cases the first algorithm (adding taxa singly) proved to take
significantly less time than the second (adding taxa in pairs), but they were
both of the same order of magnitude. However, when the minimal trees
where “stringy” (i.e., the number of links in the path between pairs of
pendant points was large), we found the second algorithm performed better
than the first. This was due to the very small number of combinations of
pairs that did not exceed the bound before any tree construction commenced.

We have used the first branch and bound algorithm to construct all the
minimal and near-minimal trees for a set of eleven mammalian taxa using
five different protein sequences, as well as a concatenated sequence made by
adjoining all the sequences together. We had been unable to complete this
study using earlier methods of tree construction. An example from this study
illustrates the saving by the branch and bound algorithm in comparison with
a total search. It was estimated, from the time taken for a total search on
eight taxa, that it would take 55 days for a total search for eleven fibrinopep-
tide A seqﬁences. However, algorithm 1 took less than 5 minutes, even
though this was a fairly complex data set. A detailed analysis of the trees
from these five data sets will appear elsewhere.
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